The infrared absorption and Raman spectra, evaluation of potential energy constants with various potential functions, and other spectroscopic studies have been briefly analyzed for the isotopic species of nitrogen trichloride molecule possessing a trigonal pyramidal symmetry. Among the various quantum mechanical models, the delta-function potential model based on the variational method and the delta-function electronic wave functions has been employed here to evaluate the atomic polarizabilities, the contributions by the bonding and nonbonding electrons to the bond parallel component of the polarizability, the bond perpendicular component of the polarizability, and the mean molecular polarizability of nitrogen trichloride. On the basis of group theoretical considerations, the symmetrized mean-square amplitudes, mean-square amplitudes, and root-meansqare amplitudes for both bonded and nonbonded atom pairs have been computed at the temperatures 298 °K and 500 °K. On the basis of a rigid rotator and harmonic oscillator approximation, enthalpy function, free enthalpy function, entropy, and heat capacity have been computed for the temperatures from 200 °K to 2000° K for both isotopic species of nitrogen trichloride. A discussion of the results follows.
Introduction
Among the various trihalides of group VA elements, the most interesting compound, nitrogen trichloride, the next higher member of nitrogen trifluoride, has twenty valence electrons with very many unusual properties. For a molecule of the present study with a single lone pair of electrons around nitrogen atom for which supplementary data on vibration-rotation interactions (Coriolis coupling constants) and centrifugal distortion constants are not available, the computation of either potential energy constants or root-mean-square amplitudes seems to be highly complicated. The reason is that there are more number of molecular constants than the available number of vibrational frequencies. A general valence force field, Urey-Bradley force field, a valence force field with a lone pair model, and a modified Urey-Bradley field were applied to many molecular systems of the present type by several investigators [1] [2] [3] [4] [5] [6] [7] , and the vibrational data were satisfactorily reproduced. CARTER and his associates 8 studied the infrared absorption and Raman spectra of nitrogen trichloride and assigned the fundamental frequencies on the basis of a pyramidal symmetry. Spectral studies on nitrogen trichloride were also from the related molecular systems 14 . On the basis of these spectroscopic data, it is aimed here to compute the atomic, bond, and molecular polarizabilities from the delta-funotion potential model and the delta-function electronic wave functions, root-meansquare amplitudes by the group theoretical method, and statistical thermodynamics by the rigid rotator and harmonic oscillator approximation. The importance of studying such investigations is that the results of the present study would be very useful in future for (a) testing the utility of the delta-function potential model in other complex systems, (b) the interpretation of the experimental refractive indices and molar refractions, (c) the evaluation of normal frequencies in other related molecular systems having similar chemical bonds, (d) the interpretation of the results of electron diffraction studies, and (e) the interpretation of the results of experimental entropes and heat capacities at a pressure of one atmosphere for the ideal gaseous state.
Atomic, Bond, and Molecular Polarizabilities
Many intestigators computed the polarizabilities for several atoms, ions, and simple diatomic molecules by making use of different quantum mechanical models in order to test how far the polarizability could be a useful criterion for testing the utility of the wave functions adopted. Of the various quantum mechanical models so far developed, the most recent one is the delta-function potential model. The first use of a delta-function potential model was made by RÜDENBERG and his associates 15 the internuclear distance, when the bond is compressed; and the delta-function spacing is equal to the internuclear distance, when the bond is neither compressed nor stretched (equilibrium condition). On the basis of this semi-empirical delta-function potential model, LIPPINCOTT and DAYHOFF 20 predicted the bond dissociation energies, vibrational frequencies, anharmonicities, and equilibrium internuclear distances for various diatomic molecules and bonds of polyatomic systems, and their calculated values were in good agreement with the available experimental results. LIPPINCOTT and STUTMAN 21 very recently applied the same semi-empirical delta-function potential model and computed the bond and molecular polarizabilities of various diatomic and polyatomic molecules. The same method has been employed here except the nitrogen atom is considered as if it is involved in a bond of polyatomic system, since there is a greater distribution of polarizability along the bonds from nitrogen to chlorine.
In the present investigation two kinds of deltafunction strengths have been considered. The deltafunction strength for an atom having a bonding with another is different from that of the same atom having two or more bondings with other atoms, and this is due to the difference in the electronic distributions. As an example, the delta-function strength for the sulfur atom in SO molecule is different from that of the same in S02 and S03 molecules, whereas the delta-function strength for the oxygen atom is considered to be the same in all these molecules. The delta-function strength of an atom in a bond of diatomic molecule and that of an atom in a bond of polyatomic molecule have been, in line with earlier studies 20 , obtained from the following:
where x is the electronegativity on the Pauling's scale 22 ; n, the principal quantum number; p is 1 for an atom with p electrons in the valence shell and 0 for an atom with no p electrons in the valence shell; D, the total number of completed p and d shells in an atom; F, the total number of completed / shells in an atom; A, the delta-function strength for an atom in a bond of a diatomic molecule; and A*, the delta-function strength for an atom in a bond of a polyatomic molecule. The calculated values of the delta-function strengths A's in atomic units for nitrogen atom and chlorine atom of nitrogen trichloride are 0.829, and 0.753, respectively.
The potential energy for the n-electron problem is considered to be the sum of the single delta-function potenitals each having the form for a diatomic system as
where x is the coordinate of motion along the internuclear axis; a, the delta-function spacing; Ax and A2, the delta-function strengths or reduced electronegativities for the nuclei 1, and 2, respectively; g, the delta-function strength (the value for the hydrogen atom); and d(a;), a delta-function whose properties are described by the following:
oo fd(x) da: = 1 .
-oo Thus, the potential is zero everywhere except at the delta-function positions, i. e., x = aj2 and x--a/2. The delta-function strength obtainable from separated atom energies Ex is defined as A = ( -2 Ei) 1/s .
The solution of Schrödinger equation for the molecular problem yields to separate wave functions for the chemical bonds. The delta-function branching condition outlined by FROST 17 can then be applied to obtain the following expression for the homonuclear case:
where the plus and minus signs correspond to the attractive and repulsive states, respectively. By combining the above equation with A= ( -2 Ei) 1 ' 1 , one may have the following: count for all the electrons in the system. One may then have the following: CR=A{nN) i,! for the homonuclear case (7)
where A is the one-electron delta-function strength for the atom; n, the principal quantum number of the valence shell; and N, the number of electrons making the contributions to the bonding or two times the column number in the periodic 
where xx is the coordinate of any one of n equivalence classes of electrons which falls in the first equivalence class; (x), the average coordinate of any of these electrons; and a0 , the radius of the first Bohr orbit of the atomic hydrogen. If the deltafunotion potentials are symmetrically placed, no electron correlation is allowed, and bonding electrons are considered to be perfectly equivalent, then the above equation may be reduced to
If the atom is assumed to be perfectly isotropic, one then may have the following:
If the delta-function is located at the nucleus, and the wave function is normalized, one then may have the following:
(r 2 ) = 3/A 2 and hence,
Solution of the Hamiltonian for the negative value of E yields to A = ( -2 Ei) Vs . Finally, the polarizability along the x axis of an atom is given by axx = 4/a0 3 A 3 .
On the basis of these theoretical considerations, the atomic polarizabilities for the nitrogen atom and chlorine atom of nitrogen trichloride were calculated, and their values are 10.43 x 10 -25 cm 3 , and 13.88 x 10 -25 cm 3 , respectively.
The bonid parallel component can be obtained from the contributions of two sources, namely, the bond region electrons, and the nombond region electrons. The contributions to the parallel component of the polarizability by the bond region electrons is calculated by using a linear combination of atomic delta-function wave functions representing the two nuclei involved in the bond, i. e., the expectation value of the electronic position squared (x 2 ) along the bond axis is calculated, and this is used to obtain the bond parallel component of the polarizability a||b from the following:
where n is the bond order; A12, the rooit-meansquare delta-function strength of the two nuclei involved; and (xr), the mean-<square position of the bonding electron which is expressed as where R is the internuclear distance at the equilibrium configuration which is here allowed to equal the delta-function spacing, a. In case the bond is of the heteronuclear type, a polarity correction is necessary to produce the ionic character believed to exist in reality. Thus, after the polarity correction, one may have the following: a||p-oa||b (16) where a = exp{ -(1/4) {xt-x.2) 2 } . Here, xt and x2 are the electronegativities of the atoms 1, and 2, respectively on the PAULING'S scale 22 . The contribution by the nombond region electrons to the bond parallel component of the polarizability 2 a||n is calculated from the remaining valence electrons not involved in the bonding, and the general expression for this is given as 2 «lln= 2 fi «i (17) where /j is the fraction of the valence electrons in the i-th atom not involved in the bonding, and a,-, the atomic polarizability of the i-th atom obtainable from the delta-function strength, A-x. The bond perpendicular component of a diatomic molecule is, on the basis of a semi-empirical deltafunction potential model, simply the sum of the two atomic polarizabilities. If the electronic shape of an atom is assumed to be viewed from a point on a line perpendicular to the internuclear axis, and passing through the nucleus approximate that of the nonbonded atom, then the bond perpendicular component of the polarizability can be written as ai = 2 aA for a nonpolar A2 molecule (18) and ai = aA -f aB for a polar AB molecule (19) where aA and are the atomic polarizabilities of the atoms A, and B, respectively. If the atom A is less electronegative than the atom B, the atomic cotnributions would be considered here according to the square of their respective electronegativities; and the bond perpendicular component of the polarizability can be written as ai = 2 (xA 2 aA + xB 2 aB) /(xA 2 + xB 2 ).
This shows that a greater contribution to the bond perpendicular component is due to that of the atom which has in its vicinity the larger charge distribution. In this manner, extending this principle to a polyatomic molecule, the analytical expression for the sum of all the perpendicular components is given by
where is the number of remaining (residual) atomic polarizability degrees of freedom. This can directly be obtained from a consideration of the symmetry of the molecular system and the assumption that every isolated atom is allowed to possess three degrees of polarizability freedom and every bond which is formed between two atoms removes two of these polarizability degrees of freedom with the exception that if two bonds are formed from the same atom (carbon in carbon dioxide) and exist in a linear configuration, then only three atomic polarizability degrees of freedom are lost, and if three bonds are formed from the same atom (sulfur in sulfur trioxide) and exist in a planar configuration, then only five atomic polarizability degrees of freedom are lost. Thus, the number of residual atomic polarizability degrees of freedom is five for water (see Fig. 1 ), six for hydrogen cyanide (see Fig. 2 ), seven for sulfur trioxide (see Fig. 3 ), and six for nitrogen trichloride (see Fig. 4) . Hence, the analytical expression for the average molecular polariza- The molecular structural data used for the present computation are from the earlier studies of related molecules 14 . Since there are three lone pairs of electrons around the chlorine atom and one lone pair of electrons around the nitrogen atom of nitrogen trichloride, the LEWIS-LANGMUIR octet rule 26 ' 27 modified by LINNETT 28 as a double quartet of electrons has been satisfied here. In viewing these results, the smallest contribution is the one that made by the nonbond region electrons to the bond parallel components of the polarizability. Though the number of nonbond region electrons is greater than that of the bond region electrons, the contribution made by the bond region electrons is greater than that of the nonbond region electrons. Since the nitrogen and chlorine atoms have the same value of electronegativity 22 , no polarity correction has been introduced here. The sum of all the bond perpendicular components is, as obtained above, the greatest of all other components.
The bond parallel components as well as the bond perpendicular components were experimentally obtained by DENBIGH 29 , and VICKERY and DENBIGH 30 , and their perpendicular components were qualitatively equal to the sum of the respective atomic polarizabilities calculated from the delta-function potential model. As an example, the values of atomic polarizabilities in 10 -25 cm 3 derived from the experimental values of the perpendicular compo- nents 29 ' 30 for oxygen, nitrogen, and carbon atoms are 5.94, 7.24, and 10.22, while the delta-function potential model yields to 5.92, 7.43, and 9.78, respectively, for the same atoms. Thus, the delta-function potenital model is able to give explicit expressions for the bond parallel components, bond perpendicular components, contribution by the nonbond region electrons, and mean molecular polarizability. All these are in line with the investigations of DENBIGH 29 in which the molar refraction of a molecule is assumed to be the sum of the refractions of all the bonds in the molecule, and similarly, the molecular polarizability is assumed here to be the sum of the bond polarizabilities. The contributions by the bond region electrons and the nonbond region electrons are clearly distinguished. The bond perpendicular component is a linear combination of atomic polarizabilities, and independent of the internuclear distance. The bond parallel components can easily be transfered from one molecular system to another irespective of the configurations of the two molecular systems, provided the internuclear distances in the two different molecular systems are nearly identical. Thus, it is clear from this investigation that the delta-funotion potential model is very useful in predicting the atomic, bond, and molecular polarizabilities for any molecular system in the ground electronic state.
Root-Mean-Square Amplitudes
Molecules of the XY3 type possessing a pyramidal structure with a symmetry point group C3V give rise, according to the relevant symmetry considerations and selection rules 31 , to six vibrational degrees of freedom constituting only four fundamental frequencies which are distributed under the various irreducible representations as follows: 2A1(R,p;I, ||) + 2 E(R, dp; I, _L) where R, I, p, dp, || and _L stand for Raman active, infrared active, polarized, depolarized, parallel, and perpendicular, respectively. The frequencies and v2 correspond to a totally symmetrical stretching vibration and a bending vibration under the sym- On the basis of the group theoretical method, the mean-square amplitudes and root-mean-square amplitudes for both bonded and nonbonded atom pairs for many molecules and ions of the present type were determined by many workers [32] [33] [34] [35] . The same method has been adopted here. In order to construct the secular equations, the basic equation I 2 G~l -E A | = 0 postulated by CYVIN 35 has been considered here. In the above equation A has been related to the normal frequency v in the equation given as A{ = (A/8 RR 2 )'J) coth(A V$/2 k T), where h is the Planck's constant, k the Boltzman constant, and T the absolute temperature. The secular equations giving the normal frequencies in terms of the mean-square amplitudes (o) were constructed at the temperatures 298 °K and 500 °K with help of the symmetrized mean-square amplitude matrices (2!), inverse kinetic energy matrices, fundamental frequencies in cm -1 given in Vable 1, and the molecular structural data used for the above calculation of polarizabilities. The mean-square amplitude (o) is obtainable in terms of the internal coordinates, while the symmetrized mean-square amplitude (-£") is obtainable in terms of the symmetry coordinates. There are only two equations with three symmetrized mean-square amplitudes under each symmetry species, and it is not possible to solve them uniquely unless some restricting approximations are adopted. When the off-diagonal elements were neglected, the equations under both symmetry species resulted in imaginary values to the diagonal elements. Hence, it was deemed necessary to introduce the off-diagonal elements, and the equations under each symmetry species were then solved by the elliptical method of TORKINGTON 36 given in Table 2 for the temperatures 298 °K and 500 °K, respectively. From the computed numerical values of the symetrized mean-square amplitude matrices, the mean-square amplitudes at the temperatures 298 °K and 500 °K were evaluated, and their values in Ä 2 are given in Table 3 , where oT is the mean-square amplitude quantity due to the bonded atom pair N -CI, orr the quantity due to the interaction of two bonded atom pairs, o0 the quantity due to the angle CI -N -CI, OQQ the quantity due to the interaction of two CI -N -CI angles, od the quantity due to the nonbonded atom pair CI -CI, adJ the quantity due to the interaction of two nonbonded atom pairs, OtQ the quantity due to the interaction of a bonded atom pair and an adjacent CI -N -CI angle, or@' the quantity due to the interaction of a bonded atom pair and a non-adjacent CI -N -CI angle, ar(j the quantity due to the interaction of a nonbonded atom pair and an adjacent bonded atom pair, and ard' the quantity due to the interaction of a nonbonded atom pair and a nonadjacent bonded atom pair. The corresponding calculated values of the root-mean-square amplitudes in Ä are 0.0555 at 298 °K and 0.0633 at 500 °K, respectively, for the bonded atom pair, and 0.0693 at 298 °K and 0.0887 at 500 °K, respectively, for the nonbonded atom pair.
The values of the mean-square amplitude quantity due to the bending of the molecule OQ is very greater than those of the bonded as well as the nonbonded atom pairs, and this situation is exactly reversed in the case of the corresponding force constants 13 . The quantities due to the interaction of the bonded atom pairs arr and the nonbonded atom pairs ord' are very smaller in magnitude than all other mean-square amplitude quantities. As it is expected, the quantity due to the nonbonded atom pair <7d is very greater than that of the bonded atom pair oT. The quantity due to the interaction of angles is similar in magnitude to those of the other interaction quantities. The negative values of the quantities due to the interaction of bonded atom pairs as well as the angles are exactly opposite to those of the corresponding force constants 13 . Though the quantities due to the interaction of bonded atom pairs and angles are smaller in magnitude, they are the deciding factors in solving the secular equations. The interaction quantities OQQ , ar0, odd, and ard are of the same magnitude except the signs. The values obtained here for the mean-square amplitudes for both bonded and nonbonded atom pairs at 500 °K are in general greater than those of the same quantities obtained at 298 °K. The results of the present investigation would be very useful in future for the interpretation of the results of electron diffraction studies, and for the evaluation of normal frequencies in other related molecules having similar chemical bonds. Further, the values presented here at different temperatures would be made use of for the interpretation of the shrinkages of the intermolecular distances.
Statistical Thermodynamics
In the domain of molecular spectra and molecular structure, the infrared absorption and Raman spectroscopy provides valuable information on the accurate assignments of the fundamental frequencies of molecules and ions in the ground as well as the excited states, and on the other vibrational constants. In a similar manner, the microwave, electron difraction, neutron diffraction, and X-ray diffraction studies determine the structure of molecules and crystals, whatever complicated, and yield to very reliable values of molecular constants. One of the best applications of the study of infrared absorption and Raman spectra of polyatomic molecules and other molecular structural determinations enables us to statistically compute the thermodynamics functions, namely, enthalpy function (.H°-H0°)/T, free enthalpy function (F°-H0°)/T, entropy S°, and heat capacity Cp°. A rigid rotator and harmonic oscillator were assumed, and all the four thermodynamic quantities were computed for a gas in the thermodynamic standard gaseous state of unit fugaciity (one atmosphere) for the temperature range from 200 °K to 2000 °K. The vibrational, translational, and rotational contributions to the total thermodynamic quantities would be computed in the following manner:
The internal thermal energy, U[ = HC (O-JT, is calculated for each normal mode, where h is the Planck's constant, c is the velocity of light in vacuum, a>i is the z'-th normal mode in cm -1 , and T is the absolute temperature. For each normal mode, the harmonic oscillator contributions to the four thermodynamic quantities, namely, C/R, (H -H0) /RT, -(F-H0)/RT, and S/R, were entered in a tabular form from the standard tables of thermodynamic functions given by PITZER 38 for the corresponding values of the internal thermal energies. After summing up all these values under each column, each value was multiplied by the gas constant R in order to obtain the four quantities, namely, 
C, (H-H0)/T,
-(F-H0)JT, and S. The value under each column of C was added to 4 R in order to get the heat capacity at constant pressure, Cp°, for the harmonic oscillator approximation at a pressure of one atmosphere. Similarly, the value under the column of (H -H0) /T was added to 4 R in order to get the enthalpy function, (H° -H0°) /T, for the harmonic oscillator approximation at a pressure of one atmosphere. The values under the columns of S and -(F -H0) /T represent the vibrational contributions to the entropy and the free energy function.
From the molecular structural data the rotational and translational contributions to the entropy, heat capacity, and free energy function for one mole of a perfect gas at a pressure of one atmosphere were obtained from the following:
(Cp°) tr + (Cp°) r = (tf tr° + #r° ~ #0°) \T = 4 R , (26) where S, F, Cp, H, tr, r, T, M, and o stand for entropy, free energy, heat capacity, at constant pressure, enthalpy, translational part, rotational part, temperature in degrees Kelvin, total mass of the molecule, and symmetry number of the point group to which the molecule belongs. Ixx, Iyy, and Izz are the principal moments of inertia in atomic mass units times Ä 2 along the rr-axis, y-axis, and z-axis, respectively. The value of the gas constant, R, is 1.9872 cal./degree mole. These contributions due to translation and rotation were added to the contributions due to vibration in order to obtain the total contributions to the free energy function,
-(F° -H0°) /T, and the entropy, 5°, at a pressure of one atmosphere. The principal moments of inertia were calculated for nitrogen trichloride from the molecular structural data 14 , and their values for both isotopic species are given as follows: The fundamental frequencies in cm -1 given in Table 1 were made use of for the present computations for both isotopic species. Assumed in the calculations were a symmetry number of 3, a singlet ground electronic state, and chemical atomic weights. Neglected in the computations were the contributions due to the centrifugal distortion, nuclear spins, isotopic mixing, and interaction between vibration and rotation, since the contributions of these are negligibly small compared to the total thermodynamic quantities due to vibration, rotation, and translation. The computed values of all the four thermodynamic quantities in calories per degree mole for both isotopic species of nitrogen trichloride are given in Tables 4 and 5 at the temperatures from 200 °K to 2000 °K. Since these molecular species have been recently synthesized, elaborate investigations of experimental thermodynamic quantities Table 4 . Enthalpy function, free enthalpy function, entropy, and heat capacity of 14 NC13 for the ideal gaseous state at a pressure of one atmosphere (all the quantities are in cal./degree mole).
T(°K) (H°-H°)/T -(F°-H°)/T S°
have not yet been undertaken, so that the spectroscopic values of the present study could be compared and discussed. The values presented here for all the temperatures are the most reliable ones, and would be very useful in future for the evaluation of normal frequencies in other related molecules having similar chemical bonds, and for the interpretation of the results of experimental entropies and heat capacities at a pressure of one atmosphere for the ideal gaseous state.
